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Abstract We study the duality between M-theory compactified on Calabi-Yau
fourfolds and the heterotic string compactified on Calabi-Yau threefolds
times a circle. Our analysis is based on a comparison of the low energy
effective actions in three dimensions.
Non-perturbative N=1 vacua of the heterotic string in D=4 are of
particular interest due to their phenomenological prospects [1]. A cer-
tain class of such vacua is best described by F-theory compactified on
elliptic Calabi-Yau fourfolds Y4 [2, 3]. A closely related but technically
simpler class of vacua is obtained by further compactifying the heterotic
string on a circle S1 down to D=3; some of their non-perturbative prop-
erties are captured by M-theory compactified on Y4 [4]. In this short
note we display the corresponding effective Lagrangians and their rela-
tion following a similar analysis carried out for the duality of type IIA
on Y3 and the heterotic string on K3×T 2 in ref. [5]. A more detailed
presentation of our results will be given in a forthcoming paper [6].
Our starting point is a generic effective Lagrangian of N=1, D=4
heterotic string vacua1 (using the conventions of ref. [7])
L(4) = R
2
−G(4)
i¯j
∂mΦ¯
i¯∂mΦj − 1
4
Refa(Φ)F
a
mnF
amn
+
1
4
Imfa(Φ)F
a
mnF˜
amn + . . . , (1)
∗Presented by M. Haack.
1They can be constructed as compactifications on Y3 or more generally from appropriate
(0,2) SCFTs.
1
2where m,n = 0, . . . , 3. Φi are moduli fields including the (1,1) and (1,2)
moduli of Y3 as well as moduli arising from the choice of the gauge
bundle.2 G
(4)
i¯j
is the Ka¨hler metric which is determined by a Ka¨hler
potential K(4)(Φ, Φ¯) and the F amn denote the field strengths of the (non-
Abelian) gauge bosons Aam. The S
1-reduction to D = 3 uses the Ansatz
[8]:
g(4)mn =
(
g
(3)
µν + e2σBµBν e
2σBµ
e2σBν e
2σ
)
, Aam =
(
Aaµ +Bµζ
a, ζa
)
, (2)
where µ, ν = 0, 1, 2. In D=3 the vector multiplet contains an adjoint
scalar ζa so that the gauge group G is generically broken to its Abelian
subgroup [U(1)]r(G). (By slight abuse of notation we choose to label
in the following the different U(1) gauge multiplets by the index a i.e.
a = 1, . . . , r(G)). In D=3 an Abelian vector is dual to a scalar and
we denote by Ca the scalars dual to Aaµ and by Φ˜ the dual scalar of
Bµ. In the dual picture all supermultiplets are chiral and their scalar
fields parametrize a Ka¨hler manifold [9]. The Ka¨hler structure becomes
manifest in the coordinates
Da = −fa(Φ)ζa + iCa , (3)
T = e2σ + iΦ˜ +
1
2
(Refa(Φ))
−1Da(Da + D¯a) .
Inserting (2) into (1) using (3), performing the duality transformation
and a Weyl rescaling results in the 3-dimensional Ka¨hler potential
K
(3)
het = K
(4)(Φ, Φ¯)− ln
[
T + T¯ − 1
2
(Da + D¯a)2(Refa(Φ))
−1
]
. (4)
This can be further simplified by using the known tree level form of K(4)
and fa. One has fa = S and K
(4) = K˜(4)−ln(S+S¯) where K˜(4) depends
on all moduli but the 4-dimensional dilaton S [7]. For this case (4) reads
K
(3)
het = K˜
(4) − ln
[
(T + T¯ )(S + S¯)− (Da + D¯a)2
]
. (5)
On the M-theory side we start with the 11-dimensional supergravity
Lagrangian [10]:
L(11) = 1
2
R− 1
4
|F4|2 − 1
12
A3 ∧ F4 ∧ F4 , (6)
2We ignore all charged matter multiplets and solely focus on the chiral moduli multiplets
and the vector multiplets. We also neglect the possibility of anomalous U(1) gauge factors
with appropriate 4-dimensional Green-Schwarz terms.
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where A3 is a 3-form and F4 its field strength. A Kaluza-Klein reduction
on Y4 in the spirit of [11] leads to massless bosons in D=3 corresponding
to the Hodge-numbers h1,1, h1,2 and h1,3 of Y4.
3 The corresponding har-
monic forms are denoted by V A ∈ H1,1,ΨI ∈ H2,1 and Φα ∈ H3,1. The
Ka¨hler and complex structure deformations of the Calabi-Yau metric gij¯
are [11]
iδgij¯ =
h1,1∑
A=1
M˜AV Aij¯ , δgi¯j¯ =
h3,1∑
α=1
Zαbαi¯j¯ , (7)
where bα
i¯j¯
is related to Φα by an appropriate contraction with the anti-
holomorphic 4-form Ω¯ on Y4. The 3-form A3 is expanded accordingly
A3 = A
A
1 ∧ V A + nIΨI + n¯J¯Ψ¯J¯ , (8)
where AA1 are 3-dimensional 1-forms which can again be dualized to
scalars NA. Inserting (7) and (8) into (6) results in the effective La-
grangian
L(3) = R
2
−Gα¯β∂µZ¯ α¯∂µZβ −GIJ¯DµnIDµn¯J¯ −
1
2
GAB∂µM
A∂µMB
− 1
32V
(
4∂µN
A + κAKL¯(nKDµn¯
L¯ −DµnK n¯L¯)
)
G−1AB(
4∂µNB + κBIJ¯ (nIDµn¯J¯ −DµnI n¯J¯)
)
, (9)
where we rescaled M˜A = V−1/6MA with V ≡ 14!dABCDMAMBMCMD
and dABCD being the intersection numbers of Y4. Furthermore we used
the following definitions in close analogy with Calabi-Yau threefolds [11,
12, 13]
κAIJ¯ ≡
∫
Y4
V A ∧ΨI ∧ Ψ¯J¯ ,
GIJ¯ ≡
1
2V1/3
∫
Y4
ΨI ∧ ⋆ΨJ = −1
2
iκAIJ¯MAV−1/2 , (10)
GAB ≡ 1
2V
∫
Y4
V A ∧ ⋆V B , Gα¯β ≡ 1
4V1/3
∫
Y4
d8ξ
√
gb¯
¯m¯
α¯ bβ¯m¯.
Gα¯β is the Ka¨hler metric of the Ka¨hler potential K = − ln
(∫
Y4
Ω ∧ Ω¯
)
[14]. We also abbreviated
Dµn
I = ∂µn
I+nKΘαKI ∂µZ
α+n¯L¯ ¯˜Θβ¯L¯I ∂µZ¯
β¯, Dµn¯
I = DµnI , (11)
3We choose to focus on such Y4 that lead to duals of the perturbative heterotic string without
anomalous U(1) factors. They obey χ = 0 and do not have non-trivial 4-form flux or space-
time filling membranes in the vacuum.
4where the Θ and Θ˜ are (unknown) functions of Zα, Z¯ α¯ defined as the
coefficient functions of
∂µΨ
I =
(
ΘβIK(Z
α, Z¯ α¯)ΨK + Θ˜βIL¯(Z
α, Z¯ α¯)Ψ¯L¯
)
∂µZ
β. (12)
So far we have not been able to find a Ka¨hler potential for all the scalars
in (9). However if we freeze the complex structure moduli and define
ζA =
1√
8
(
iNA +GABV1/2MB − i
4
κAIJ¯nI n¯J¯
)
. (13)
the Ka¨hler potential for the metric in terms of (ζA, nI) is found to be
K˜
(3)
M = − ln
[
(ζA+ζ¯A+
iκAIJ¯
2
√
8
nI n¯J¯)G−1AB(ζ
B+ζ¯B+
iκBKL¯
2
√
8
nK n¯L¯)
]
. (14)
Equating the full Ka¨hler potentials K
(3)
M = K
(3)
het results in a condi-
tion for the intersection numbers dABCD. In the following we show the
equivalence of the two Ka¨hler potentials in a particular limit and post-
pone the general analysis to ref. [6]. Fibering the 7-dimensional duality
(M/K3 ≃ Het/T3) [15] suggests to choose a K3 fibred fourfold (where we
assume that there are no bad fibres introducing additional (1,1)-forms)
and an elliptically fibred threefold [3]. As the base B2 we take in both
theories a Hirzebruch surface (whose two Ka¨hler moduli we denote by U
and V ). Furthermore we freeze the values of the scalars nI , Zα to zero
and consider on both sides the large base limit. In this limit one can
choose the divisors of Y4 in such a way, that the leading terms of K
(3)
M
correspond to the intersection numbers dUV AˆBˆ = ηAˆBˆ = (+,−, . . . ,−),
where Aˆ, Bˆ denote the Ka¨hler moduli of the generic K3 fibre and ηAˆBˆ is
the intersection form of the corresponding divisors in K3. Using these
intersection numbers in (14) results in
K
(3)
M = − ln
[
(ζU + ζ¯U)(ζV + ζ¯V )(ζAˆ + ζ¯Aˆ)ηAˆBˆ(ζ
Bˆ + ζ¯Bˆ)
]
. (15)
On the heterotic side we take only S, T,Da and the (1,1) moduli U, V
of the base B2 into account and freeze all other (1,1), all (1,2) and all
gauge bundle moduli. In the limit of a large base K˜(4) simplifies and
one has K˜(4) = − ln(U + U¯)(V + V¯ ). Thus, the Ka¨hler potentials agree
if one identifies (S, T,Da)↔ (ζAˆ) and (U, V )↔ (ζU , ζV ). This result is
in accord with the formulas relating the spectra of dual pairs given in
[3, 16].
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